Work and Time J

~ Quantitative Apt/tuc/e - §SC Exame ~

<« circled = key info!

The whole chapter rests on one idea: turn every "days" into a 'rate of work per
'a'ag, add or subtract the rates, then convert back to time. Master the LCM

method and most sums become mental maths.

@ The Basic Idea — one-day work O

Treat the whole job as I unit of work. If a person needs n days for the whole job, then in one
day he does the nth part of it.
( )

Formula. — time <> one-day work

* Work in n days = one-day work = 1/ n
« One-day work = 1/ n = whole work takes n days

= time and one-day work are just reciprocals of each other.
\_ J
s a
Worked example — A finishes in 5 days

Given — A completes the whole job in § days.
One-day work — A does 1/S of the job each day.

In 3 days — 3 x1/S =3/5 done . 2/5 is still left.
g J
( )

Worked example — reverce direction

Given — B's one-day work = 1/ 8.

Whole job — reciprocal — B needs 8 days for the full work.
g J

Try these
10 days — one-day = 1/10 one-day 1/12 — 12 days

6 days — in 2 days does 1/ 3 one-day 1/ 20 — 20 days




Golden habit — the moment you read "does it in n days’, write Vh beside the nome. Every
later ctep ic add / cubtract of thece fractionc.
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. 00
@ Working Together — two people AR
When two people work at the same time, their one-day works add up. Convert each to a

fraction, add, then flip to get the combined time.

4 )
Formula. — A in a days, B in b days

« Together's one-day work = 1/a +1/b

« Time working together = ab/ (a+b) (product < sum)

. two together are always faster than either one alone.

\ J
( )
Worked example — A: 10 days, B: 15 days

Step | — one-day works: A =1/10, B = 1/1S.

Step 2 — add: 1710 +1/1S = 3/30 + 2/30 = 5/30 = 1/6.

Step 3 — flip — together they finish in 6 days.

Check — ab/ (a+b) = (10x1S)/ (10+1S) = 150/ 2S = 6.

\ J
( )
Worked example — A: 12 days, B: 6 days
Together = ab/ (a+b) = (12x6)/ (12+6) = 72/18 = 4 days.
Check — 1712 +1/6 =1/12 +2/12 = 3/12 =1/4 — 4 days. v
\_ J

Try these (use product + cum)

20 & 30 — 600/ 50 =12 d &8 —64/16 =44d
1S & 10 — 150/25 = 6d 9418 — 162/27 = 6d
6 %12 —>72/18 =4d §$&20—100/25=4d

\/ Equal workere —> if both take the came a days, together = &2. Two men each 8§ d finich in
9 d.
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Working Together — three people

( )
Formula. — A, B, C together
« One-day work = 1/a +1/b +1/¢
« Time = reciprocal of that sum
= add fractions over the LCM of the denominators, then flip.
\. J
( )
Worked example — A: 10, B: 15, (: 30
Step | — LCM of 10, 1S, 30 = 30.
Step2 — 1/10+1/1S+1/30=3/30+2/30+1/30=6/30=1/S.
Answer — together they finish in S days.
g J
( )
Worked example — A: 6, B: 8, C: 12
LCM of 6, 8,12 =24:1/6 +1/8 +1/12 =4/24 + 3/24 +2/24 =9/29 = 3/8.
Time — 8/3 =2/3 ie. 2 days 16 hours (2/3 x 24 h).
g J

Finding the missing man

If the together rate and one person's rate are known, subtract to get the third.

Worked — A+B do it in 10 d, A alone in 15 d. B?
Together = 1/10, A = 1/1S.
B=1/10-1/15S=3/30-2/30 =1/30 — B takes 30 days.

"Together minus one = the sther.” Alwaye keep the together-rate and each persons rafe

over the came denominator co you can just cubtract the tops.

7@ these
4, 6,12 — 3+2+1=6/12 — 2 d 5,10, 10 — 2+I1+1=4/10 — 2.5 d
A+B 12, A 20 — B =30d A+B 3, B 24 — A =12d
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® Efficiency X YTime ~

"Efficiency’ is just work done per day. A faster worker does more per day, so he needs less
time. Hence efficiency and time are inversely related.

( )
Rule — efficiency vs time

« Efficiency « 1/ Time (more efficient — fewer days)
« If efficiencies are in ratio x : y, then times are in ratio y : x (fip it)

. "A is twice as efficient as B" = A takes half the time of B.
\_ J
( )
Worked example — A twice as efficient as B

Given — B alone finishes in 12 days.
A's time — half of B = 6 days.
Together — 1/6 +1/12 =2/12 +1/12 = 3/12 = 1/4 — 4 days.

. J
( )
Worked example — ratio flip
Efficiencies A : B =312 = times A: B =23
If A takes 10 days, B takes 10 x 3/2 = IS days.
. J

Percentage-more efficiency

A ic 25% wmore efficient than B; B takes 25 d. A?
A's efficiency = 1.25 x B = A's time = 25 + 1.25 = 20 days.
25% more efficient = efficiency ratio S : 4 — time ratio § : § — 25x4/S = 20. V

Never flip the wrong way! More efficient — fewer days. IF A'c efficiency is bigger, A'c day-

count must be smaller.

Try these
A3xB B30d—A=10d EFf 4:5S, A 20d — B =164d
A half as fast as B, B 8d — A =16d Eff 223, B10d - A=15d
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@ The (CM Method — the fastest way

Instead of adding awkward fractions, make the whole work a convenient number of units — the

LCM of all the given days. Then everyone's rate is a clean whole number.

( )
The 94-step (CM recipe
« Total work = LCM of the given day-figures (units)
« Each rate = Total work + that person's days (units/ day)
« Combined rate = add the individual rates
« Time = Total work = combined rate
= no fractions, no LCM of denominators — just divide and add.
.
4 )
Worked example — A: 12, B: 15, (: 20 days
Step | — Total = LCM(12, 1S, 20) = 60 units.
Step 2 — rates: A = 60/12 =8, B =60/15 =4, C =60/20 = 3 units/ day.
Step 3 — combined = S + G + 3 = 12 units/ day.
Step 4 — Time = 60 + 12 = § days.
g J
4 )
Worked — A: 10, B: 15 days (two workers)
Total = LCM(10,1S) = 30; A = 3, B = 2 — combined S — 30/S = 6 days.
Same answer as the fraction method — but faster to write. v
\_ J
(" R
\/ Think of the work ac a wall of (CM bricks. Each worker lays o fixed number of bricks a
L doy — a picture that makec leaves after k days” and "alternate days” trivial.
J
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(CM Method — more worked examples

-
Worked — A: 20, B: 30, C: 60 days

Total = LCM = 60; rates A = 3, B = 2, C = | — combined 6 — 60/ 6 = 10 days.
\_

\

-
Worked — A: 8, B: 12 days

Total = LCM = 24; A = 3, B = 2 — combined § — 24/ S = 4.8 days (4 days 19.2 h).
\_

G

-
Worked — find the third worker by units

Given — A+B+C finish in 6 d; A in 12 d, B in 18 d. Find C.
Total = LCM(6,12,18) = 36; A = 3, B = 2, all-three = 6.
C'srate =6 — 3 -2 =1 — C alone = 36/ = 36 days.

.

Efficiency ratio ctraight from the vnits

In the top example the rates were § : § + 3 — that is the efficiency ratio of A : B : C. The LCM
method hands you the efficiencies for free.

Try these (LCM in your head)

Days (M Rates & cum Together
6, 12 12 2+1=3 9 d
IS, 10 30 DB & 6d
10, 12, 1S 60 6+S+4=1IS 494d
16, 24 43 Bedes 9.6 d
913, 6 3 2+1+3=6 34

IF the dayc don't chare nice Factors, the (CM ic just their product — e.9. 7 & 11— total
27 units. The method still worke.



® Someone (eavee [ Joins Part-way

Use LCM units. Count the units done while everyone is present, subtract from the total, then

let the remaining worker(s) finish the leftover at their rate.

( )
Plan of attack

« Work done in first phase = (sum of present rates) x days
« Leftover = Total — work done so far

« Extra time = Leftover + (rate of whoever keeps working)
- J
( )
Worked — A: 10, B: 15; A leaves after 2 days

Total = LCM = 30; A = 3, B = 2 units/ day.

First 2 days (both) — (3+2)x2 = 10 units done.
Leftover = 30 — 10 = 20; B alone — 20 <= 2 = 10 days.

Total time = 2 + 10 = 12 days.
\_ J

4 )
Worked — A ctarts alone, B joins later

Given — A: 12 d, B: 12 d. A works alone 3 d, then B joins.
Total = 12; A = |, B = |. First 3 d — 3 units. Leftover = 9.

Together rate 2 — 9 <+ 2 = 4.5 d — total = 3 + 4.5 = 7.5 days.
\_ J

4 )
Worked — B leaves in the middle

Given — A: 10, B: IS; both start, B leaves after 3 d, A finishes.
Total 30; A = 3, B = 2. First 3d — (5§)x3 = IS units. Leftover |S.

A alone — 1S + 3 =5d — total = 3+ S = 8 days. &
1\ _J

Read carefully — ic the question asking for the total time or only the extra days after

comeone left? Answer exactly what ic ascked.
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® A/temate—Dayr Working 2

Here workers take turns — one works day |, the other day 2, and so on. Add up one full cycle

of turns, see how many cycles fit, then finish the small remainder.

(" )
Cycle method
+ | cycle = 2 days (A's day + B's day) = sum of their day-units
« No. of full cycles = Total + cycle-units (take the whole part)
« Finish the leftover with whoever's turn is next
g J
( )
Worked — A: 4 d, B: 6 d, alternate (A ctarts)
Total = LCM(4,6) = 12; A = 3, B = 2 units/ day.
| eycle (A then B) = 3 + 2 = S units in 2 days.
2 cycles = 10 units in 4 days; leftover = 12 — 10 = 2 units.
Day S is A's turn (rate 3): needs 2/ 3 of a day for 2 units.
Total time = 4 + 2/ 3 = 4% days (4 days 16 h).
\_ J
( )
Worked — A: 6, B: 8, alternate (A starts)
Total = LCM = 24, A = 4, B = 3. Cycle = 7 units/ 2 days.
3 cycles = 21 units in 6 days; leftover 3. Day 7 is A (rate 4) — 3/ 4 day.
Total = 6 + 3/4 = 6% days.
.

Who starte matters! Swapping the first worker can change the answer, becavse the
leftover ic finiched at a different rate. Alwaye Follow the given order.

Don't stop at the last full cycle — check if the next single day already finiches the job
before cplitting into a fraction of a day.
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@D TheM - D - HChain Rule

When the number of men, days and hours per day all change, use the master proportion. It

keeps "work per man-hour" constant.

( )
Formula. — men, days, hours, work
M"D"H,/ w, = Mz‘bz'Hz/ W2
M = men - D = days - H = hours/ day - W = amount of work
- J
If the job is the same (W, = W,), it shortens to MD)H) = MaDH,.
( )
Worked — change men and hours
Given — 10 men build a wall in 8 days at 6 h/ day. How many days will 12 men need at 8
h/ day (same wall)?
Setup — 10 x 8 x6 =12 xD, x 8.
Solve — 480 = 96 - D, — D, = § days.
g J
( )
Worked — how many men?
12 men finish in 10 days. To finish in 8 days: 12 x 10 = My x 8 — M, = 1S men.
g J
( )
Worked — with different work amounts
10 men in 6 days dig a trench. How many days for 8 men to dig a trench twice as long?
(10x6) /1 = (8xD)/2 — 60 = 4D — D = IS days.
g J

Keep every quantity on the correct side. More work — W goes up, so days go up. Fewer

men —> days 9o up. The formula balancec it automatically.
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Work & Wages

N
Rule — pay follows work dowe
« Wages are shared in the ratio of work done = ratio of (efficiency x time).
< If all work for the same time, split in the ratio of their rates — i.e. |/ time each.
g J
( )
Worked — two workerse share T3000
Given — A: 10 d, B: 1S d; they finish together for F3000.
Ratio = 1/10 : 1/1S = 3 : 2 (multiply by 30) — S parts.
Shares — A = 3/ x 3000 = FI1800, B = 2/ 5 x 3000 = F1200.
g J
( )
Worked — three workers share T1800
Given — A: 6, B: 8, C: 12 days, together for FI1800.
Ratio = 1/6 :1/8:1/12 — x24 — 4 : 3: 2 (9 parts).
Shares — A = 4/9x1300 = F800, B = F600, C = F400.
. J
( )
Worked — unequal working times
A works S days, B works 3 days on a F800 job; rates are equal. Share = S : 3 — A = F500, B
= F300 (pay by work actually done).
g J

Pay is never in the ratio of days-taken. It follows work done — which for equal time meane

the ratio of efficiencies ( 'I/fime).
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© Fraction of Work & "How Much ic Left”

~
Key relations
« Work done in t days = t x (one-day work) = t/ n.
 Work left =1 = t/n.
« If a fraction ¥ is done in t days — whole = t/ f days.
\ J
( )
Worked — how much is left?
A can do a job in IS days and works for 6 days.
Done = 6/15S =2/8 — Left =1 — 2/5 = 3/§ of the work.
\_ J
( )
Worked — find the whole from a fraction
A does 1/ 3 of a job in S days. Whole job? — S <+ (1/3) = IS days.
Remaining 2/ 3 — 1S x 2/ 3 = 10 more days.
\_ J

A peek ahead — Pipes & Cicterns

A filling pipe is a worker doing + work; an emptying pipe / leak does — work. Add the rates with
their signs — same maths, one may be negative.

( )
Worked — fill ve empty

Inlet fills a tank in 6 h; outlet empties it in 8 h. Both open?

Net =1/6 —1/8 =6/24 — 3/24 = 1/24 — tank fills in 24 hours.

\_ J
4 )
IF the empty-rate ic bigger than the fill-rate, the net ic negative — the tank never fills.
v/ _ .
Watch the cign before you Flip.
. J

Every Work-and-Time trick carries over to Pipes & Cicterns — just relabel days” ac

"hours” and allow negative ratec.
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Special Caces & Handy Shorteuts

Men <> Women equivalence

& men or 8 women finish a job in 29 days. Then 6M = 8W in output — Bl = EM.
6 men + 8 women = 6M + 6M = 12 men. 6 men take 26 d — 12 men take 12 days.

Together & one alone — the other

A+ Binqd A alone in 6 d. LCM 12: together = 3/ day, A = 2/ day.
B=3-2=]— Balme =12/ =12 days.

"Twice as efficient” pair

( )
A is twice as good as B; together they finish in 8 d. A alone?

Rates A : B = 2 : | — together 3 parts/ day. Total = 3x8 = 24 parts.

A alone = 24 + 2 = 12 days; B alone = 24 < | = 24 days.
. J

( )
Pocket chorteute

« Two workers a, b days — together = ab/ (a+b).
+A+B=xd A=ad— B=ax/(a—x) days.

« Efficiency ratio = reverse of the time ratio.

+ Wages ratio = ratio of work done = efficiency x time.

\. J
( )
Check the B = ax/{a—x) chorteut
A+B=6Gd A=6d— B=(6x4)/(06-4) =24/2 =12 days — matches above. v

g J

These chorfeuts are just the (CM method in dicquise. When uncure, fall back to units — it

never les.
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More Solved Examples |2

1. A: 15 d, B: 20 d — together?

LCM 60: A =G, B =3 sum7 — 60/7 = 8% days (3 4/7).
\_

-
2. A twice ac efficient as B; together 8 d. A alone?

Rates 2 : | — total = 3x8 = 24 units — A = 24/ 2 = 12 days.
.

-
3. A: 10, B: 12, C: 15 — together?

LCM 60: 6 + S + G =15 — 60/15 = 4 days.
\_

-
4. A: 12, B: 16; both ctart, A leaves after 3 d, B finiches.

LCM 48: A = G, B = 3. First 3d — (7)x3 = 2I; left 27. B: 27/3 = 9 d — total = 12 days.
\_

p
5. 6 men, 16 d, 9 bfday. How many daye for 8 men ot 12 bfday?

6x16x9 = 8xDx|2 — 864 = 96D — D = ¢ days.
g

-
6. A: 20, B: 30; chare T500 (worked together).

Ratio 1/20 :1/30 = 3:2 — A = F300, B = F200.
\_

-
2. A: 5, B: 10; alternate days, A ctarts. Time?

LEM 10: A = 2, B = ). Cycle = 3/2 d. 3 cycles = 9 in 6 d; left I, day 7 (A) — 1/2 d — 6%

days.
.

-
8. A does 2/5 of a job in 8 d. Time for the rect?
Whole = 8 = (2/5) = 20 d; remaining 3/S — 20x3/S = 12 days.

\




More Solved Examples — cont.

2.A+Bin 9d Aalone in 6 d. B alone?

LCM 12: together 3, A = 2 — B = | — B alone = 12 days.
\_

-
10. Inlet fills in 10 b, leak empties in 15 h. Both open?

Net = 1/10 = 1/15 = 3/30 —2/30 =1/30 — fills in 30 hours.
\_

-
11. A: 25, B: 20; A i¢c how much % less efficient than B?

Rates A = 4, B =S (LCM 100). A is I/ S = 20% less efficient than B.
\_

-
12. A: 18, B: 9, C: 6 — all three together?

LCM 18: )1 + 2 + 3 =6 — 18/6 = 3 days.
.

-
13. A: 30, B: 90; ctart together, B leaves after 10 d. A finishes rest.

LEM 120: A = G, B = 3. 10 d — (7)x10 = 70; left SO; A: S0/ G = 12.5 d — total = 22.5 days.
\_

-
14. 16 men finich in 15 d. After 6 d, & more men join. Remaining a/ays’?

Total = 16x1S = 240 man-days. In 6 d, 16x6 = 96 done; left 194. Now 24 men — 144/ 24 = 6

days.
.

p
15. A: 24, B: 6, C: 12; wages T1400 [togefher).

Ratio 1/24 :1/6 :1/12 =1: 4 : 2 (7 parts). A = F200, B = F200, C = F400.
\_

-
Notice how “man-days” (Q149) ic just the (CM method with total = M x D. Same idea,

different label.




Higher-Level Solved Examples

1. A: 10, B: 15; both ctart, A leaves, B worke 5 more days to finich. When did A leave & total

time?
LCM 30: A = 3, B = 2. B's last S d alone = 2xS = 10 units. Remaining 20 done together at
S§/day — 20/S = G d. A left after 4 days; total = ¢ days.

.
4
2. Two pipec fill in 12 h & 15 b; an outlet empties in 20 h. All open — time to fill?
LCM 60: +S +4 =3 = +6 — 60/ 6 = 10 hours.
\_
(
3. 6 men or 8 women finich in 24 d. How long for 6 men + & women together?
8 = 6M — 6M + 8l = I12M. 6M take 24 d — 12M take 12 days.
.
(
4. A ic 25% more efficient than B. Together they take 20 d. B alone?
Eff A: B =S54 — together 9 parts/ day. Total = 9x20 = 130 parts. B = 180/ 4 = 4S days.
.
4
5. A: 6, B: 8; work on alfernate days, B ctarts first. Time?
LCM 24: A = 4, B = 3. Cycle (B then A) = 7/2 d. 3 cycles = 2| in 6 d; left 3; day 7 is B
(rate 3) — | full day. Total = 7 days.
\_
(
6. A& B do a job in 12 d for T6000. With C's help they finish in 8 d. (e share?
Together (A+B) = 1/12, all three = 1/8. C =1/8 —1/12 = 1/ 24. Ratio (A+B) : C = 1/12 :
1726 =2:]1— C=1/3x6000=3F2000.
\_

Example 5 vs page 8: came nombers, different starter — 7 days here but 6% when A
ctarts. Qrder changes the leftover!



Practice Set 2

l. A does it in 8 d — one-day work? 2. A 12, B: 6 — together? N
3. A 10, B: IS, C: 30 — together? 4. A twice as good as B, B: 18 d — A?
S.LCM: A: 12, B: IS, C: 20 — together? 6. A: 20, B: 30; A leaves after 6 d — B's extra
days?
7. A: 4, B: 6; alternate, A starts — time? 3.10 men, 8d, 6 h/d — 12 men, 8 h/d —
days?
9. A: 10, B: 1S; share F500 — each? 10. A does 3/5 in 9 d — whole job?
Il. A+B in 6 d, A in 9 d — B alone? 12. Fill 6 h, empty 8 h — net time?
13. A: 10, B: 12, C: 1S — together? 14. 6 men or 8 women in 26 d — 6M+3W?
\. J
( )
Answer Key — with working
1> 1/8 - 2— 4 d (LCMI2: 1+2=3) - 3— § d (LCM30: 3+2+1=6) - 4— 9 d (half of 18) - §— § d (LCM6O:
5+4+3=12) - 6— 1S d (LCM60: 6x5=30 done, left 30, B 2/d) - 7— 4% d (LCMI2: 2 cyc=10 in 4 d, A does
last 2/ 3 d) - 8— § d (10x3x6=12xDx3) - 9— F300 & F200 (3:2) - 10— 1S d (43/S) - N— 18 d
LCMIB: 3-2=1) - 12— 24 h (1/6-1/8=1/24) - 13— 4 d (LCMEO: 6+5+4=IS) - 14— 12 d (8W=6M —
12M).
\ J

Quick Revicion

V' n days — one-day work 1/ n. Two together = ab/ (a+b); three — add 1/ a+1/b+1/c.
v LCM wmethod: total = LCM of days; rate = total/ days; time = total/ (sum of rates).
v Efficiency « 1/ time; MD)H)/ W) = MyDyHy/ Wy wages o< work done,

Pate x time — finish the work!
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