Surds & Indices 7

~ Quantitative /l,bt/tuc/e - CSC Exams ~

<« circled = key formulac!

‘ Surds & Indices power up algebra, simplification & number-system guestions.
Master the llaws of exponents & surd manipulation — dozens of SSC questions

‘ collapse to one line once you know these tricks.

@ (laws of Indices — the Building Blocke &

In a", a is the base and m is the index | power [ exponent. These laws work only when the

bases are the same (or can be made the same).

4 )
The four core faws
ca” . Q" = A (same base — add powers)
«a"” = a" = a"™" (same base — subtract powers)
«(@")" = o™ (power of a power — multiply)
«(ab)" = a"" - (a/b)" =ad"/b"
\_ J
( )
Worked example — cimplify (23.29) + 2°
Step | — combine the numerator: 23.29 = 239 = 27,
Step 2 — divide: 27 + 2° = 2775 = 22,
Answer — = 4,
\_ J
Try these
§2.5% = §° = 3128 /3 = x4
(32)3 = 36 = 729 (2x3)% = 29x37 = 1296

Laws apply only when the base is identical — 2°-3% can NOT be combined into one power.

Different bases must first be rewritten with a common bage.



@ Zero, Negative & Fractional Indices =
p

~N
Learn these by heart
val =) Ga#0) - a”"=1/4a" (negative index — reciprocal)
. a’/"’ = ”1/0 (the n-th root of a)
cqM/n = )" = "y(a™)
- J
( )
Worked example — evalvate §75
Step | — write 8 as a power of 2: 8 = 23,
Step 2 — (23)2/3 - 23X2/3 - 22‘
Answer — = 4,
\_ J
( )
Worked example — evalvate 2775
Step | — 27273 = (33)%/3 =32 = q
Step 2 — negative index — take the reciprocal: 1/ 9.
Answer — =1/ 4.
\_ J

Laws of Indicec — quick reference Table

Rule name
Product a"a" = g"t"
Quotient a”/a" = """
Power of power @) = o™
Power of product (ab)" = a"b"
Power of guotient (a/b)" =a"/b"
2ero index a’ =1
Negative index a”=1/a"
Fractional index a”" ="p
General fractional PN ¢

2%=1 holde for EVERY nonzero a, even 999999%=1. But 0° ic undefined — a common exam trap.

Statement



® Solving Exponential Equations 5T
B

N
The golden rule
When the bases match (or can be forced to match), just equate the powers: if o = oY,
then x =y (a>0,a #1).
g J
( )
Worked example — colve 27 = 32
Step | — write 32 as a power of 2: 32 = 25,
Step 2 — equate powers: x+| = S,
Answer — x = 4,
. J
( )
Worked example — colve 377 = 1/27
Step | — 1/27 = 373,
Step 2 — equate: 2x—| = -3 = 2x = -2,
Answer — x = -I.
. J
( )
Worked example — colve 7< = 37
Step | — 9 = 3% = 3% = ¥,
Step 2 — equate: 2x = x+l.
Answer — x = |,
\_ J
Try these

=64 x=3 =25 sx=3

25X =1/8 5 x = - 16X = ¢ x =)

IF basec look different but are related (like 9 & 3, or 8§ & 2, or 16 & 4), rewrite everything as

a power of the smallest common base first.
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@ Introduction to Svrds v~

An irrational number of the form Ysfa (n 2 2, a rational, and "+a irrational) is called a SURD.

The order of a surd is its root index n.

( )
Types you must know
« Pure surd — rational coefficient is I: /7, 3\l
« Mixed surd — a rational number x a surd: 3+/7, 23/5.
« Like surds — same order AND same radicand: 2+/3 and S+/3.
. Unlike surds — different order or radicand: 2+/3 & 25, or +3 & 34/3.
\_ J
( )
Worked example — classify ns\e N1z 6
495 — mixed surd Corder 2). /% — = 3, rational — NOT a surd.
302 - pure surd (order 3). 6 — rational, not a surd.
\ J

Try these — find the order
v20 — order 2 (a genuine surd) SV2 — order §

98 = 9439 = 3 — not a surd! 3-8 = =2 — not a surd!

Always check if the number under the root is a perfect power of that order — if yes, it

/m,b/:Fer o a rational number and §TOP§ being a curd.

;;;;;;;;

N ——

Every surd ic irrational, but /(/OTevery ierational number ic a surd (e.q. T ic irvational but not

a curd).
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® Operations on Svrds +-

( )
The rufes
« Add / Subtract — only LIKE surds combine: add/ subtract their coefficients.
« Multiply / Divide — same order: "o x "\b = "af(ab). Different order — convert to the
LCM order first.
\_ J
( )
Worked example — cimplify N2+ 5V2-12
Step | — all three are LIKE surds (order 2, radicand 2).
Step 2 — combine coefficients: (3+5-1)+2.
Answer — = 7¢/2.
\ _J
( )
Worked example — cimplify V12 ++ 27
Step | — simplify each first: 12 = 2+/3, 127 = 34/3.
Step 2 — now they're LIKE surds: 2+/3 + 3+/3.
Answer — = Sy3.
. J
Try these
VEH+MNE = 2424342 = §55/2 VS5X1/20 = 100 = 10
43—+3 = 343 V48/ 3 = W16 = 4
ALWAYS cimplify each curd To its lswest form firet = 12 and [ 27 look vnlike, but become |
2J 3 and 3 3, which ARE like curde. "[
[ \/ J 3xJ 1220 3626 — two curde can multiply to give a rational number! J
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® Comparing Surds >

To compare surds of different order, convert them to the same order (the LCM of the orders),

then compare the radicands — bigger radicand = bigger surd.

( )
Worked example — compare 35 and '3

Step | — LCM of orders 3 and 2 = 6.

Step 2 — 35 = §2/6 = 6,pS; 3 = 3376 = 6,07,

Answer — 27 > 2§, so /3 > 31/5‘

(
o

Worked example — compare 2\3 and 3\ 2 (came order)
Step | — same order 2, so just square both: (243)? = 4x3 = )2,

Step 2 — (342)% = 9x2 = |3.

Answer — 18 > 12, s0 34/2 > 24/3.
\§ J

Try this

Compare 7 and 326 — LCM(2,3)=6: 7 = 6y343; 3,26 = 6\676. Since 676 > 343 — 3426 >
V7.

Qurde with the came order but a rational coefficient (like 20 3 ve 3 2)? Just cquare each —
no need for (CM of orders at all.

Bigger order, same radicand — SMALLER value! E.9. T § = 2 but A 8 ~ 2.83 — more roote
pull the value down.
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@ PRationalicing — Simple Svrd Denominator 7>

To remove a surd from the denominator, multiply numerator & denominator by that same

surd, since +a x va = a (rational).

-
Worked example — rationalice 3

Step | — multiply top & bottom by /3.
Step 2 — (Ixy3)/ (3x43) = 43/ 3.
Answer — = 43/ 3.

.

-
Worked example — rationalise L6 2| 3)
Step | — multiply top & bottom by /3.
Step 2 — Sy3/(2x3) = Sy3/6.

Answer — = $,/3/6.
\_

p
Worked example — rationalise #ls0

Step | — simplify /50 = Sv2 first.

Answer — = 742/ 10.

.

Step 2 — 7/ (Sv2) x 42/ 42 = 752/ 10.

7}9 these
1/ S = +/S/§
4/ (342) = 242/ 3

Simplify the surd in the denominator first [ 50— s 2) — rationalising a smaller curd ic much

faster.

3/7 =342/7
2/ 18 = 42/ 3
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o ° _ o J o + -
Rationaflicing with Caujugater =
When the denominator has TWO terms like (a + +b), multiply by its conjugate (a — b):
(a+vb)(a—b) = a® - b.

( )
Worked example — rationalise U 24\3)

Step | — multiply top & bottom by conjugate (2—+3).

Step 2 — denominator = 2°—(y3)? = 4-3 = |,

Answer — = 2—4/3.

. J
( )
Worked example — rationalise ’I/(\/ 5+ 3)
Step | — multiply by conjugate (vS—/3).
Step 2 — denominator = §-3 = 2.
Answer — = (y/5—+3)/ 2.

\_ J
( )
Worked example — rationalise 4 35 )

Step | — multiply by conjugate (3+4/5S).
Step 2 — denominator = 9-S = 4; numerator = 4(3++5).

Answer — = 3+/S.
1\ _J

72'5' these
1/ (G+v7) = (4—+7)/ ¢ 1/ (6=+2) = (\b++/2) 7/ 4

The conjugate just flips the cign between the two terms: (a+d 6)— (2=l b) or
T ad bjes (T ad b).

[ ' Given x = 2+ 3, it reciprocal Uk rationalices instantly to 2 3 (needed on page 14 for x+1/%). ]
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@ Simplifying Nested Sorde (ax2f b)) ©

N
The rufe
Write the middle term as 2+fy. Find m, n such that m+n = x and wn = y (m > n > 0).
o AH20y) = Am + A S=24ly) = Afm — 0
g J
( )
Worked example — cimplify N7+ 3)
Step | — write 443 as 2412 (so y = 12).
Step 2 — find mpn: m+n = 7, mn = 12 = m=4, n=3.
Answer — 4 + 3 = 2 + 4/3. (check: (2++/3)%=7+4/3 V)
. J
( )
Worked example — simplify V(5-2\6)
Step | — already 2+l form, y = 6.
Step 2 — m+n =S5, mn = 6 = m=3, n=2.
Answer — = 4/3 — /2.
. J
Try these

V(G+G:/5) = S+ = 244/S  (m+n=9, mn=20 = m=5n=4)
V(11-2+/30) = /6= (m+n=1l, mn=30 = m=6,n=5)

IF the middle term isn't already "2l comething’, rewrite it firct — e.g. W3 =2x2l3=2[(4x3) =

2l 12
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Infinite [,Qecarring} /Ves'tea/ Surds oo

The pattern inside (x+/(x+(x+..))) repeats itself forever, so the WHOLE expression (call it y)

sits inside itself: y = (x+y).

\

-
The rufe

Sguare both sides: 4? = x+y = y*> — y — x = 0. Solve the guadratic; take the POSITIVE

root.

\_

-
Worked example — find N (6 (64 (6+...)))

Step | — let y = W(6+y) = ¢* = 6+y = y*—y—6 = 0.
Step 2 — factorise: (y-3)(y+2) =0 =y =3 ory = 2.
Answer — reject negative = y = 3.

o

r

Worked example — find N (124 (1247 (12+...)))

Step | — y>—y-12 = 0.
Step 2 — (y-49)(y+3) = 0.
Answer — y = 4.

\

Try these

VQ20+:/20+.)) = § QR+ (2+.)) = 2

Shorteat — for & (crd (x+...)), if x = n(n=1) for come integer n, the ancwer i simply . E.q.
x=6=3x2= y=3; x=12=9x3 = y=4.
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@ x + 7 Type — the Squaring Trick
p

~
Given x + Vx = k ...
/= -2 B +1/3 =0 - 3k
c-1/x)% = 12—4 = x=1/x = +(k3-4)
«If instead x — 1/x = k, then x> + 1/x* = I? + 2.
\ J
e p
Worked example — if x + ¥k = 4, find X°+14% and P
Step | — xX°+I/x% = 4>-2 = 16-2 = 14.
Step 2 — 3+H/ X3 = 43-3(4) = 64-12 = S2.
\ _J
4 )
Worked example — if x — Ux = 3, find e it
P+l/x% = (=1/x)%+2 = 9+2 = |,
\ J
Try these
x+l/x=5 — x°+l/x* = 23 x=1/x=4 — x2>+/x% = 18
x+/x=3 = X3+1/x3 = 18 X2+1/x%=7 — x+1/x = 3

x2+ 7/(2.
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@ High-Frequency SSC Chorteuts O

N
Four "always trve” identities
c (xa)b—c‘(xb )c—a,(xc)a——b =1 (exponents cancel to 0)
< If a*=b, bY=c, c?=a (a,b,c # 0,%]) = xyz = |
< If a*=b9=c?=k and abc=l => I/ x +1/y +1/2 =0
\_ J
4 )
Worked — cimplity CEP 363 )32 6373
Step | — add the exponents: 2(2)+5(1)+3(-3) = 4+5-9 = 0.
Answer — x? = |,
\_ J
( )
Worked — if 2*=3, 3=4, =2, find xyz
Matches the a*=b, bY=c, c*=a pattern (a=2,b=3,c=4).
Answer — xy2 = 1 (no need to find x, y, 2 individually!)
\_ J

Try these
 EGA/ X2) 308G/ x€) oL/ xA) 3¢ = ) (always, for any a, b, ¢)

« If §=79=38% and Sx7 = 35, use the reciprocal-sum trick with abc=| pattern where relevant.

These "alwaye 1" or "alwaye 0” identities are a favourite SSC trap — you never need the actoal valves of |
I
]

& b, ¢, x y, 2. Juct recogmice the pattern!
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Solved Examples — Indices [

e )
Q1. Simplify (22)7° x (8)%°.
=3x¢4=)2
\_ J
( )
Q2. Find x if 4 = 2*3.
22X = 2X*3 5 2y = x+3 = x = 3.
\_ _J
e )
Q3. Qmp/:fy (426—3}2 = (a—7sz.
= a6 = a7 p2 = g4 D62 = ;5,8
\ J
4 )
Q4. Evaluate 625 41
625 = §% = 62579 = &,
\_ v,
e )
Q5. Evaluate 1679,
16379 = (29379 = 23 =g 16739 =1/8
\_ _J
e )
Q6. Simplify ()<7/2x1/g) + x%.
Exponent = 1/2+1/3-1/6 = (3+2-1)/6 = 4/ 6 = x*/3,
\_ J
4 )
In Q6, adding / cubtracting fractional exponents needs the same (CM logic as ordinary fractions —
L nothing new, just index arithmetic.
4




Solved Examples — Surds 2

(2~ b)=a%-b.

4 )
Q1. Simplify (N5 3) N 5 3).
=5-3=2
\_ J
4 )
Q2. Rationaflice and simplify 3/(\/ 72-2).
x(7+2)/ (\7+2): denom = 7-4 = 3 = = 3(\f7+2)/ 3 = /7+2.
\§ J
4 )
Q3 Ifx = 24V3, find x + V.
1/x = 1/ (2++3) = 2—+3 (rationalised) = x+1/x = (2+3)+(2-+3) = 4.
\_ J
4 )
Q4. Simplify N 45 +\ 20 -s.
= 35 + 245 — S = 445,
\§ J
( )
Q5. Find the value of \ (6+2\5).
mIn=6, mn=8 = m=5n=1 = = S+l = /S+l.
\_ J
( )
Q6. If x - V% = 23, find x>+ 1>
= (x=1/x)%+2 = (243)%+2 = 12+2 = 14,
L J
(" N
\/ Q3' trick — whenever x = a+l b, ite reciprocal Yk is cimply a~ b after rationaficing, since (ard b)




Exercice =)

QL. Simplify 3°x372:3% (a) 9 (b) 27 () 8 (d) 3

Q2. Value of 16379, (a) 4 (b) 8 (c) 16 (d) 32

Q3. 1f 2 =25 findx. (a)2 (b)3 ()4 ()6
Q4. Which of these is a pure surd? (a) 345 (b) 4 () v7 (d) 42

QS. Order of the surd 512 is: (a) 2 (b) 3 (c) S (d) 12
Q6. Simplify 2/3+Sv3—3. (a) 6v3 (b) 83 (c) Sv3 (d) 644
Q7. Rationalise 1/ (3++2). (a) (3—2)/7 (b) (3+2)/7 (c) (3—2)/11 (d) 3—+2

Q8. Which is greater? (a) 34 (b) v2 (c) equal (d) cannot say

Q9. If x+1/x=S, find x>+1/x%. (a) 21 (b) 23 (c) 25 (d) 27

Q0. Simplify (9+4yS). (a) 2+yS (b) 3+yS (c) 2+y6 (d) S+2
QIl. Find (20+/(20+/(20+..))). (a) 4 (b) S (c) 6 (d) 20

Q12. If a*=b, b¥=c, c*=a, find xy2. (a) 0 (b) | (c) -1 (d) abc
Q13. Simplify GAP=EGE)AGE)* (a) 0 () 1 () x (d) ¥+
Q14. If x-1/x=3, find *>+1/x*. () 7 (b) 9 () Il (d) 13

( )
Answer Key
1-)27 - 2-Mm)8 - 3-50)4 - 4—()v? - S—()S - 6-()6y3 - 7—-()B—~2)/7 -
8-0a)3vs - 923 - 10(@)2+yS - N-B)S - 1250 - 13- - 14—,

\_ J

Q8 & Q12 & Q13 tect whether you cpot the SHORTCUT PATTERN rather than grind through algebra
= — exactly how SSC setc thece traps.

—
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Quick Revicion

( )
Vo a"a"=a"*"; 0"/ a"=a"""; (@")"=a""; a%=I; a7"=1/a"; 0! "="a. Same base — equate powers to

solve eguations.

v Surd order = root index; LIKE surds share order & radicand — only these add/ subtract. Different
orders? Convert via LCM to compare or multiply.

v Rationalise: 1/ +a — xya; 1/ (a+yb) — xconjugate(a—b). /(xx2+y)=+m=h where m+n=x, mn=y.
Nested infinite — y?—y—x=0.

V' xxl/x given? SQUARE it: x*+1/ x> = (x+1/x)?=2 = (x=1/x)?+2. "Always 1/ 0" identities need

pattern-spotting, not calculation.

- J
Extra Solved Examples [2)
( N

EN. Simplify (27'+37)7!. — 1/2+1/3 = 5/ 6; inverse = 6/,
E2. Simplify 3W(64x8¢>). — 2y643y(8)3NyP) = 4x?y.
E3. If x+1/x=+/3, find x3+1/x3. — k3=3k = 3,/3-33 = 0.

E4. Rationalise 1/ (v2+1) and simplify. — x(2-1)/ (2-1) = 21 (denom 2-1=1).
\ J

Powers vp, eurde down — indicee made cim,b/e./

@prepyodha - prepyodha.in
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